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In this work we show the existence of supersymmetry and degeneracy for an arbitrary number of
Majorana fermions (even or odd) without to invoke any symmetry of Hamiltonian. Next, we analyze
the supersymmetry at finite temperature using the thermofield dynamics formalism. Furthermore
we derive thermal braiding operators through the Bogoliubov transformations and we find its action
on a thermal Bell state.
PACS numbers: 11.30 Pb; 03.65. Fd; 11.10.wx; 74.25-q
1. INTRODUCTION
Majorana fermions are quasiparticles that might to
emerge in superconducting materials as delineated in the
seminal work of Kitaev [1]. The Kitaev’s model gener-
ate a doubled spectrum for the Majorana zero modes.
These degenerated states has applications for a proposal
of topological quantum computer due to non-abelian
statistics of the bound states [2]. The topological quan-
tum computation is based on the quasiparticles know as
non-Abelian anyons [3, 4], whose excitations satisfy non-
Abelian braid statistics [3, 4] and it produces a compu-
tation scheme immune to errors [5, 6]. The existence
of degenerate ground states plays a pivotal role since un-
der local pertubations the system evolues only within the
ground state subspace characterizing an fault-tolerant
scheme [2, 5–7].
Lee and Wilczek [8] analyze the subjacent algebraic
structure of the doubled spectrum. It has been shown
that for a junction supporting an odd number of Majo-
rana mode operators, there is an emergent operator that
leading to degeneracy. In addition, the doubling applies
to all energy eigenstates, not restricted to ground state.
An interesting discussion about underlying emergent su-
persymmetry is performed in the reference [9] where there
is an emergent supersymmetry arise from time-reversal
symmetry. Subsequently, Hsieh et al. [10] showed that
for Majorana models with translation symmetry, the su-
persymmetry leads to spectrum doubling. The super-
symmetry associated to the doubling Majorana algebra
[11] is explicitly derived.
One of the seminal works on supersymmetry at finite
temperature was carried out by Van Hove [12]. He stud-
ied how supersymmetry is related to the properties of ex-
cited states and derive relations that extend the typical
consequences of supersymmetry for ground-state expec-
tation values. Supersymmetry in thermofield dynamics
has been studied in [13]. Mathematical possibilities of
preserving supersymmetry were presented and the spon-
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taneous breakdown of supersymmetry were investigated
in comparison with Van Hove’s previous work. [12]
In this work we present an underlying supersymme-
try algebra for Majorana modes that applies to an even
or odd number of Majorana modes operators. Then we
show that this supersymmetry can be extend to a finite
temperature formulation using thermofield dynamics pre-
scription [14]. The paper is structured as follows. In Sec-
tion 2 we discussed the relationship between supersym-
metry and degeneracy. In Section 3 we present a formu-
lation for Majorana fermions using the TFD formalism.
Section 4 contains a generalization to an arbitrary num-
ber of Majorana modes and the construction of thermal
braiding operators. In Section 5 we have the conclusions
and perspectives.
2. SUPERSYMMETRY AND DEGENERACY
Consider a chain with N ordered sites whereupon each
site can be either empty or occupied by an electron. The
Kitaev’s fire model is defined by Hamiltonian [1]
H ′ =
N∑
j=1
[
−φ(a†jaj+1 + a†j+1aj)− µ(a†jaj −
1
2
)
+∆ajaj+1 +∆
∗a†j+1a
†
j
]
, (1)
where φ is a hopping amplitude, µ is a chemical potential
and ∆ the superconducting gap. We can rewrite this
Hamiltonian defining the Majorana operators
γ2j−1 = aj + a
†
j ; γ2j =
aj − a†j
i
, (2)
so that we have Clifford algebra
{γk, γl} = 2δk,l, (3)
and the rewritten Hamiltonian is
H ′ =
i
2
N∑
j=1
[−µγ2j−1γ2j + (φ+ |∆|)γ2jγ2j+1
+(−φ+ |∆|)γ2j−1γ2j+2] . (4)
2The particular of equation (4) case µ = 0; |∆| = φ > 0 is
given by
H ′ = iφ
N∑
j=1
γ2jγ2j+1, (5)
and note that operators γ1 e γ2N do not appear in H
′.
Kitaev [1] shown that ground state is degenerate.
We consider the effective Hamiltonian
H = −iφγ1γ2N , (6)
with the interactions on the two ends of wire. We shown
that there is a supersymmetry algebra related to hamil-
tonian, which implies degeneracy of system. A super-
symmetry algebra is a Lie superalgebra. One can de-
fine Lie superalgebra over R or C as a Z2-graded algebra
g = g0
⊕
g1, whose supercommutator satisfies the fol-
lowing conditions [15, 16]
1) Super skew-symmetry
[X,Y ] = −(−1)|X||Y |[Y,X ] (7)
2) Super Jacobi identity
(−1)|X||Y |[X, [Y, Z]] + (−1)|Z||Y |[Y, [Z,X ]]
+(−1)|Z||Y |[Z, [X,Y ]] = 0 (8)
where |X | is the degree of X .
We should have [16] [g0, g0] ⊆ g0, [g0, g1] ⊆ g1 and
{g1, g1} ⊆ g0 ({ , } is the symmetric product). Consider
the basis of g0 and g1, Bg0 = {1, H} and Bg1 = {Q1 =
γ2, Q2 = γ2L−1} associated to the effective Hamiltonian
with L ≡ N . We have{
[Qi, H ] = 0,
{Qi, Qj} = {Qi, Q†j} = {Q†i , Q†j} = 2δij1,
i, j = 1, 2
(9)
wherein Q†1 = Q1 and Q
†
2 = Q2. Interestingly, we note
that
[P,H ] = {P,Qi} = 0, (10)
where P = γ1γ2γ2L−1γ2L is the parity operator. We can
now to prove the degeneracy. Consider the ground state
|ψ0〉 and note that Qi|ψ0〉 and |ψ0〉 are orthogonals. In
fact,
〈ψ0|Qi|ψ0〉 = 〈ψ0|Qi (±P ) |ψ0〉
= −〈ψ0| (±P )Qi|ψ0〉
= −〈ψ0|Qi|ψ0〉
= 0. (11)
It is important to highlight that Qi|ψ0〉 6= 0 (Q2i = 1).
The supercharges Qi change the parity of state. If |ψ0〉
has even parity, Qi|ψ0〉 has odd parity.
3. TFD FOR THE MAJORANA FERMIONS
For an analysis at finite temperature a thermofield dy-
namics approach can be constructed from the notion of
w*-algebras and Tomita-Takesaki theory [17–20]. Let H
be a Hilbert space and pi(A) a faithful representation a c*-
algebraA. Considering |ϕ〉 ∈ H, we have that 〈ϕ|pi(A)|ϕ〉
defines a state over A given by ωϕ(A) = 〈ϕ|pi(A)|ϕ〉. In-
versely, by the GNS construction [20], every state ω of A
has a vector |ϕω〉 ∈ H such that ω(A) = 〈ϕ|piω(A)|ϕ〉 .
A w*-algebra is a c*-algebra that is weakly closed and
contains the identity. Let J : H → H an antilinear
isometric involution with J2 = 1. We have a Tomita-
Takesaki representation of the w*-algebra iff Jpiω(A)J =
piω(A) define an *-antiisomorphism on the linear oper-
ators, where piω(A) is the commutant of piω(A), i.e.,
[piω(A), piω(A)] = 0. We will denote the elements of
piω(A) by A and the elements of piω(A) by A˜ [20]. For
the fermionic annihilation and creation operators we have
piω(a) = a, piω(a) = a˜, piω(a
†) = a†, piω(a
†) = a˜†,
a˜ = JaJ and a˜† = Ja†J .
Following the TFD prescription [14] we introduced the
thermal Majorana operators γ2j−1(β) and γ2j(β) through
the relations
γ2j−1(β) = U(β)(aj + a
†
j)U
†(β)
= U(β)ajU
†(β) + U(β)a†jU
†(β)
= aj(β) + a
†
j(β), (12)
γ2j(β) = U(β)i(a
†
j − aj)U †(β)
= iU(β)a†jU
†(β) − U(β)ajU †(β)
= i[a†j(β) − aj(β)], (13)
γ˜2j−1(β) = U(β)(a˜j + a˜j
†)U †(β)
= U(β)a˜jU
†(β) + U(β)a˜j
†U †(β)
= a˜j(β) + a˜j
†(β), (14)
and
γ˜2j(β) = U(β)i(a˜j
† − a˜j)U †(β)
= iU(β)a˜j
†U †(β) − U(β)a˜jU †(β)
= i[a˜j
†(β)− a˜j(β)], (15)
where U(β) = exp[θ(a†a˜† − a˜a)], cos(θ) = 1√
1 + e−βφ
and sin(θ) =
1√
1 + eβφ
, with commutation relations
{a˜†, a˜} = 1 and {a˜†, a˜†} = {a˜, a˜} = {a, a˜} = {a˜†, a} =
{a†, a˜} = {a†, a˜†} = 0 and β = 1
KbT
, where T is the
temperature of the system in thermal equilibrium and
Kb is the Boltzmann constant.
3Apply the TFD in our construction we have
[Qi(β), H(β)] =
[
Q˜i(β), H˜(β)
]
=
[
Qi(β), H˜(β)
]
= {Q†i (β), Q˜†j(β)} = {Qi(β), Q˜†j(β)}
= {Qi(β), Q˜j(β)} = 0,
{Qi(β), Qj(β)} = {Q†i (β), Q†j(β)} = {Qi(β), Q†j(β)}
= {Q˜†i (β), Q˜†j(β)} = {Q˜i(β), Q˜†j(β)}
= {Q˜i(β), Q˜j(β)} = 2δij1, (16)
and
[P (β), H(β)] = {P (β), Qi(β)} = 0,[
P˜ (β), H˜(β)
]
= {P˜ (β), Q˜i(β)} = 0,[
P (β), H˜(β)
]
= {P (β), Q˜i(β)} = 0, (17)
with 

Qi(β) = Uk(β)QiU
†
k(β)
Q†i (β) = Uk(β)Q
†
iU
†
k(β)
H(β) = U1(β)UL(β)HU
†
1
(β)U †L(β)
P (β) = U1(β)UL(β)PU
†
1 (β)U
†
L(β)
(18)
and 

Q˜i(β) = Uk(β)Q˜iU
†
k(β)
Q˜†i (β) = Uk(β)Q˜
†
iU
†
k(β)
H˜(β) = U1(β)UL(β)H˜U
†
1 (β)U
†
L(β)
P˜ (β) = U1(β)UL(β)P˜ U
†
1
(β)U †L(β)
(19)
where k = {1, L}. Therefore |ψ0(β)〉 ≡ Uk(β)|ψ0, ψ˜0〉
and Qi(β)|ψ0(β)〉 are orthogonals, analogously to non-
thermal case:
〈ψ0(β)|Qi(β)|ψ0(β)〉 = 〈ψ0(β)|Qi(β) (±P (β)) |ψ0(β)〉
= −〈ψ0(β)| (±P (β))Qi(β)|ψ0(β)〉
= −〈ψ0(β)|Qi(β)|ψ0(β)〉
= 0. (20)
Note that at limit T → 0 we will get the results from
the previous section.
4. THERMAL GENERALIZATION FOR AN
ARBITRARY NUMBER OF MAJORANA
MODES AND BRAIDING OPERATORS
The preceding development is valid for any state and
not only for the ground state. We can be generalized
these results for a Hamiltonian with an arbitrary number
of thermal Majorana operators:
H(β) = −iα1,2L1γ1(β)γ2L1(β) − iα2L1,2L2γ2L1(β)γ2L2(β)
−...− iα2LN−1,2LNγ2LN−1(β)γ2LN (β)
= −iα1,2L1γ1(β)γ2L1(β)
−i
N−1∑
k=1
α2Lk,2Lk+1γ2Lk(β)γ2Lk+1(β)
=
N−1∑
k=0
Hk(β), (21)
where H0(β) = −iα1,2L1γ1(β)γ2L1(β) and
Hk = −iα2Lk,2Lk+1γ2Lk(β)γ2Lk+1(β). Consider the
basis of g0 and g1, Bg0 = {1, H0(β), H1(β), ...} and
Bg1 = {Q1,1(β) ≡ γ2(β), Q1,2(β) ≡ γ2L1−1(β), Q2,1(β) ≡
γ2L1+1(β), Q2,2(β) ≡ γ2L2−1(β), ..., QN,1(β) ≡
γ2LN−1+1(β), QN,2(β) ≡ γ2LN−1(β)}. The commu-
tation relations are given by
[Ha(β), Hb(β)] = C
c
abHc(β),
[Ha(β), Qb(β)] = 0, (22)
{Qa(β), Qb(β)} = {Q†a(β), Q†b(β)}
= {Qa(β), Q†b(β)}
= 2δa,b, (23)
and
[Ha(β), P (β)] = {Qa(β), P (β)} = 0, (24)
where
P (β) = γ1(β)γ2(β)γ2L1−1(β)γ2L1+1(β)γ2L2−1(β)
×γ2L2+1(β)γ2L3−1(β)γ2L3+1(β)...γ2LN−1(β)
×γ2LN+1(β) (25)
for N even and
P = −iγ1(β)γ2(β)γ2L1−1(β)γ2L1+1(β)γ2L2−1(β)
×γ2L2+1(β)γ2L3−1(β)
×γ2L3+1(β)...γ2LN−1(β)γ2LN+1(β), (26)
for N odd.
We can construct thermal braiding operators Ri(θ;β)
through the Ri(θ) = exp(θγiγi+1) [3] and the Bogoliubov
transformation U(β). We notice that
U(θ)Ri(θ)|ψ, φ˜〉 = U(β)Ri(θ)U †(β)U(β)|ψ, φ˜〉
= Ri(θ, β)|ψ, φ˜;β〉 (27)
and
U(θ)R˜i(θ)|ψ, φ˜〉 = U(β)R˜iθU †(β)U(β)|ψ, φ˜〉
= R˜i(θ, β)|ψ, φ˜;β〉, (28)
where
Ri(θ;β) = U(β)Ri(θ)U
†(β)
R˜i(θ;β) = U(β)R˜i(θ)U
†(β), (29)
4satisfying the relations
Ri(θ;β)Ri+1(θ;β)Ri(θ;β) = Ri+1(θ;β)Ri(θ;β)Ri+1(θ;β)
R˜i(θ;β)R˜i+1(θ;β)R˜i(θ;β) = R˜i+1(θ;β)R˜i(θ;β)R˜i+1(θ;β).
(30)
Now we investigate the action of the thermal braiding
operator Ri(θ;β) on the |ψ, φ˜〉. Let us consider the Clif-
ford algebra with thermal generators γ1(β), γ2(β) and
γ3(β), with thermal braiding operators
R1(θ;β) = U(β) exp(θγ1γ2)U
†(β)
R2(θ;β) = U(β) exp(θγ2γ3)U
†(β). (31)
The action of thermal braiding operators on a thermal
Bell state given by |ψ(β)〉 = a|000˜0(β)〉 + b|110˜0(β)〉, is
R1(θ;β)|ψ(β)〉 = cos(θ)
[
a|000˜0(β)〉 + b|110˜0(β)〉)
+ sin(θ)a|000˜0(β)〉 − b|110˜0(β)〉
]
(32)
and
R2(θ;β)|ψ(β)〉 = cos(θ)
[
a|000˜0(β)〉+ b|110˜0(β)〉)
+ sin(θ)a|110˜0(β)〉 − b|000˜0(β)〉
]
.
(33)
Notice that at T → 0, the |ψ(β)〉 correspond to Bell
state (|ψ〉 = a|00〉 + b|11〉 with a = b = 1/√2) [14] and
the action of R1(θ;β) and R2(θ;β) on this state preserves
the entanglement.
5. CONCLUSIONS
In this paper we present a supersymmetry algebra for
Majorana modes that leading the degeneracy of spec-
trum. It is important to note that we have not invoked
any additional symmetry for the system and that our
results are valid for any number (even or odd) of Majo-
rana mode operators. Besides our formulation supports
an extension to finite temperature. We introduced ther-
mal Majorana operators through Bogoliubov transforma-
tions. Then, we derive the thermal braiding operators
and and we found that they preserve entanglement con-
sidering their actions on the thermal Bell states. As per-
spective we intend to calculate the thermal Green func-
tions associated with these systems. Another interesting
aspect to be investigated is the breakdown of supersym-
metry in this context.
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